BO GIAO DUC VA PAO TAO
TRUONG PAI HOC MO - PIA CHAT

BAO CAO HQC THUAT

GIAI PHUONG TRINH HAM BANG
MOT SO PHUONG PHAP PAC BIET

PHAN 1

Ths. Pham Ngoc Anh

Ha Noi, 1/2018



BO GIAO DUC VA PAO TAO
TRUONG PAI HOC MO - PIA CHAT

BAO CAO HQC THUAT

GIAI PHUONG TRINH HAM BANG
MOT SO PHUONG PHAP PAC BIET

PHAN 1

X&c nhan cia B¢ mon Toan

Ha Noi, 1/2018



MUC LUC

Chuong 1.CO SO TOAN HOC ...t 5
1.1.GiGT NAN NAM S8: ..ottt 5
1.1.1.Dinh nghia gioi NAN NAM SO ..o 5
1.1.2.Dinh nghia gidi han MOt Phia ... 5
1.1.3.TiNO CRAL ClA GIGT NAN .o 5
1.1.4.Dinh nGHia VO CUNG DE ........ccocuviiiiiiiiiiiiiiie et 6
1.1.5.Dinh ngia s0 SAnh CAC VO CUNG DE............ccooviiiiiiiiiiiii e 6
1.1.6.Dinh nghia vo CUNG LOMN .......ccoviiiiiiie et 6
1.1.7.Dinh nghia so sanh cAc vo Clung LOMN .........coccovvieiiiiii i 6
1.2 HAM SO TBN TUC ..vovoeeeee ettt 7
L. 2. 1.DINA FGATA .ottt 7

L. 2.2 DN FGATA .ottt 7
L.2.3.DINN 1T L.2.3 oottt ettt e e s be e e be e e be e s abe e sateesreeeans 7
1.2.4.Dinh nghia ham lién tucC trén Khodng, doan............cccccovevviieciesiecie e 7
1.2.5.Dinh nghia diém Gian dO@N ............cc.cooveveeeeeeeeereeseeee e 7
1.2.6.TiNN ChAL NAM SO TN TUC. «.veveeeeeeeeeeeeeeee oot e et e et eeee e e e ee et e eeeeeneeeeeeeeeeen, 7
1.3.P20 ham ciia ham $6 MO DIEN .......c.oovveeeeecceeeee e 8
1.3.1.DG0 NAM T MOE GIOM .ottt eee e e et et et e e eeeeeeeneneneen, 8
1.3.2.Da0 ham MGt PRHA.......cceiiiiiie e 8
L.3.3.DINN oottt ettt et e e be e et e et e e b e e sareearre e 8
1.3.4.Da0 ham Cria NAM NOP ..ocvviiii e e 9
1.3.5.Da0 NaAM Clia AAM NGUOT ......occvveeveeieece et sae s 9
1.3.6.DG0 NAM CAP CAO ...vovoverereesersieeieseeseesee s ses s ssse st en s esns s esessen s enenes 9
BB > 11 Y [OOSR 9
1.3.8.DiNh 1Y CAC NAM KNG Vi...ooiiiiiiiiiii s 9
1.3.9.CoNg thizc Taylor, cong thizC Mac-Laurin ..........ccooveeiiiieiiniieee e 10
Chwong 2.MOQT SO PHUONG PHAP PACBIET ...ccooovoviveiieceeeceees s 11
KIET LUAN L.ttt ettt es st en et n et en e 19
TAILIEU THAM KHAO ...ttt sttt 20






Chuong 1. coso TOAN HOC

1.1. Giéi han ham sé:
1.1.1. Pinh nghia giéi han ham s6
e Hamsb f dugc goi 1a co gisi han | khi x dan dén a, ky hiéu lalim f(x) =1, néu

Ve>0,356>0:Vxe(a-8,a+5)\{aythi | f(x)- | |<e

e Ham s fduoc goi la ¢6 gigi han| khi x dan dén vé6 cung, ky hiéu 1a lim f x) =1,

néuVe>0,3A>0:V|x|>Athi | f(X)- l|<e.

1.1.2. Pinh nghia gi¢i han mot phia
S6 |, duge goi 1a giéi han trai cua f(x) tai a, ki hiéu Ia 'Lm f(x)=f(a) =1, néu:
Ve>0,36>0:Vxe(a-d,a)=| f(x)-l|<¢
e S |,dugc goi 14 gi6i han phai cta f(x) tai a, ki hiéu 1a 'Lm f(x)=f(@")=l, néu:
Ve>0,36>0:vxe(a,a+6)=| f(x)-l,l<e
1.1.3. Tinh chit ciia giéi han
e Tinh duy nhat ctia gi¢i han: Néu lim f (x) =1 thi | 1a duy nhat.
e Tinh bi chan: Néu IX|Lra1 f(x) =1 thi (x) bichan trong mdt lan cén cua a.
e Nguyén li kep: Cho ba ham sb f,g,h théa man: f(x) < g(x) <h(x),vx e X , néu
!(ILTa] f(x)= Ixiigh(x) =1 thi Ix'g:} g(x)=1.
e Giéi han cia ham hop: Cho fX—>R,0:)Y >R va f(x)cy. Gia su
lim f () =b va lyigg g(y)=g(0)thi limg(f(x))=g(b).
e Gi6i han cua ham don diéu: Cho ham f :(a,b) - R, (a,b € R) va 1a ham don diéu
tang. Néu f bi chan trén thi ton tai )!'_)T f(x).
o Mbtsbd gidi han dang nho:

_osinx .. tox .. e*-=1 . In(x+1
|Im—=|lmg—=|lm =lim ( ):
x—0 X x—0 X x—0 X x—0 X

L




1
lim(l+x)* =e.

x—0
e Ngudi ta chimg minh dwgc rang néu f 13 ham so cdp xéacdinh tai a thi
lim f (x) = f (a)
1.1.4. Pinh nghia v0 cung bé
Ham sba(x)duoc goi 1a vo ciing bé (VCB) khix — a, néu lima(x) =0 (a co thé 1a ).

1.1.5. Pinh ngia so sanh cac vo cung bé
Cho a(X), B(X) lacac VCB khi x —a.

e Néu limZ =0 thi ta noi rang «(x) 1a VCB cép cao hon g(x) khi x — a, ky hi¢u

X—a

a=0(p) -

e Néulim&-= ¢,C # 0 hitu hanthi ta néi raing a(X), S(X) 1a cac VCB ngang capkhi

x—>a
X—a.
e Dic biét néuc =1thi ta ndi rang a(X), S(X) 1a cac VCB tuong dwong khi x — a
. Ky hiéu a(x) ~ g(x).
1.1.6. Pinh nghia v6 cung lén
e Ham s6 A(x)duogc goi 1a vo clng 16n (VCL) khi x —a néu A(x) —» «, khi
X —>a, (aco the 1a ).

e Hamsd A(x) 1a VCL khi x — a khi va chi khi la VCBKhi x —a.

A(x)
1.1.7. Pinh nghia so sanh cac vo cung lén
Cho A(X), B(X) lacac VCL khi x —>a
ST A(X) N £ \ A .
e Néu Ilmm = oo thitanoi A(x) 1a VCL cap cao hon B(x)khi x —a.
X—a X
¢ i AX) - o ‘ f
e Ncu IImm = C # 0 hiru hanthi n6i A,B la VCL ngang cap khi x — a.
X—a X

e Dic biétc=1 thi ta n6i A,.B la cic VCL tuong duong khi x —a, ki hi¢u
A(X) ~ B(X) -



1.2. Ham so lién tuc
1.2.1.Pinh nghia ham sé lién tuc : Gia sir X 1a mot tap hop s6 thuc (X =R ) va
f:X—>R

a. Ham f dugc goi 1a lién tuc tai x, néu:
. X, eX
ii. Ve>0,35=5(¢)>0sa0 cho vxe X thoa man |x—x|<& , ta co:
‘f (X)_ f (Xo)
b. Ham f goi 1a lién tyuc trén X néu f lién tuc tai moi diém trén tap X.
c. Truong hop f khong lién tuc tai x, € X, ta noi f gian doan tai x, va x, la
diém gian doan caa ham so f
1.2.2.Pinh nghia :Gia sir X 1a mot tap hop sé thuc (X =R ) va f: X —R. Ham
s6 f dugc goi la lién tuc tréi ( phai ) tai diém x, néu:
. X, eX

<Eg

ii. Ve>0,35=5(g)>0sa0 cho vx e X théa mén x, —3 < X < X,
(% <x<X,+8),taco: |f(x)-f(x)<e
1.2.3.Pinh li 1.2.3 Ham sb f lién tuc tai diém x_khi va chi khi f lién tuc phai va
lién tuc trai tai X,

1.2.4.Dinh nghia ham lién tuc trén khoang, doan
e Ham f(x) lién tuc tai moi diém x &(a, b) thi ta néi né lién tyc trén (a, b).
e Ham f(x) lién tuc trén khoang méd (a,b) va lién tuc phai tai a, lién tuc trai tai
bthi ta no1 no lién tuc trén [a,b].

1.2.5.Pinh nghia diém gian doan
e Néu f(x) khong lién tuc tai a thi ta néi f (x) gian doan tai a.
e Néu a la diém gian doan va f(a”), f(a") 1a cac s6 hiru han thi a duoc goi 1a diém
gian doan loai mot. Hiéu (") — f(a7) goi 1a budc nhdy cuia f (x) tai a.

e Néu a la diém gian doanva khong phai 1a diém gian doan loai 1, thi a dugc goi la
diém gian doan loai 2.
1.2.6.Tinh chat ham sé lién tuc.
Cho f,g: X >R, ae X, 1eR. Khido,



o Néu f(x) lién tuc taia thi | f (x)| lién tuc tai a.
e Néu f(X), 9(X) lién tuc tai a thi f(x)+ g(x) lién tuc tai a.
e Néu f(x) lién tuc tai athi 1t (x) lién tyc tai a.

e Néu f(X), g(X) lién tuc tai a thi ¢ () g(x) lién tyc tai a.

e Néu f(X), g(X) lién tuc tai a va g(x) =0 thi Fx

lién tuc tai a.

e Néu lién tyc tai a va g lién tyc tai f (a)thig. £ lién tuc tai a.
e Néut lién tuc trén doan [a,b] thi f dat gid tri nho nhit m vagia tri 1on nhat M

trén [a,b] vaR(f) =[m,M].Hon nita vq <[m, m] thi3 C€[a,b] sao cho f(c) =q.

e Néu f lién tuc trén doan [a,b] va f(a)f (b) <o thidC€[a,b] dé (c)=o.

1.3. Pao ham cia ham s6 mat bién
1.3.1. Pao ham tai mét diém

Cho f la ham x4c dinh & lan can V(X,) coa diém xo. Néu ton tai gidi han hitu han

lim f (XO +AX) — f (XO)
Ax—0 AX

, thi giéi han nay duogc goi 1a dao ham ciia ham f tai diém X,va

. 1 df (XO) . , . , N . 4
ki hiéula f (XO) hay i khi do f dugc goi 1a c6 dao ham tai diém X,.

1.3.2. Pao ham mot phia

Cho t 14 ham x4c dinh & 1an can phai V *(x,) cta diém x,. Néu ton tai gi¢i han hitu han
(X, +AX) = f (X
Ilm ( 0 ) ( O)

Ax—0* AX

ythi gi61 han nay dugc goi 1a dao ham phai cua ham f tai diém

X,va kihigula f' (X,), khi d6 f duoc goi 1a c6 dao ham phai tai diém X,.
f (Xo +AX) —f (Xo)

Tuong tunéu ton tai g161 han hitu han |irTg Ao , thi giéi han nay dugc
AX—0"

goi l1a dao ham trai cia ham f tai diém Xy va ki hi¢u la f '_(XO), khi do f duoc goi 1a cé
dao ham trai tai diém X,

1.3.3. Pinh li. Cho hai ham s6 , g kha vi tai a. Khi do:



* (f+g9)@=f'@+g'@®,

e Vv4imoi 1eR, CO (1f)(a)=Af'(Q),

* [fol@=f'@g@+ f(a)g'(a),

, Sdff f'(@)g(a)-f(a)g'(a)
e néu g(a) =0 thi —[—](a)= :
dx\ g 9(a)’

1.3.4. Pao ham ctia ham hgp
ChoaeX, f: X >R, g:Y >R véi f(x)=v. Néu f co dao ham tai a va g c6 dao

ham tai f(a) thihamhgp go f c6 daoham taiava (go f)'(a)=g'[f (a)].f (a).
1.3.5. Pao ham ciia ham ngwgc
Gia st f 1a ham xac dinh & V(X;) va c6 ham nguoc g & trén V(X,). Khi d6 néu ton
1
f'(%)

tai T'(X,)#0 thi ham gco dao ham tai diém Y, = f(X,) va g'(y,) =

1.3.6. Pao ham cip cao
Cho f:X — R kha vi trén X.
e Néuf'cod dao ham tai a thi(f'(a))" duge goi la dao ham cép 2 cua f tai a va ki
hidu 13 f7(a). Mot cach tong quat, dao ham cdp n cua f tai a, ki hiéu 1a f™(a),
xac dinh boi cong thire ™ (a) =[f "] (a).
1.3.7. Pinh li. Cho A eR,neN", f,g:X — R kha vi n lan trén X. Khi d6
e (f+g)W=f™4+g®™  d"(f+g)=d"f+d"g,
o (AH)W =210, d"(Af)=2d"f,

o (fg)™=>Clf®g"" (cong thic Leibnitz), d"(f.g)=> Cl(d"f)(d"*qg).
k=0 k=0

1.3.8. Dinh ly cac ham kha vi
1.3.8.1. Piém cure tri ciia ham sb

Ham sb £ (x) dugc goi la dat cuc dai (hodc cuc tiéu) tai a néu ton tai s6 £ > 0 sao cho
vxe(a—e,a+e) thi f(x)— f(a) =0 (hodc f(x)— f(a)<0). Piém cuc dai va cuc tiéu
goi chung 13 diém cyc tri.
1.3.8.2. Dinh li Fermat

Néu f (x) khd vitai a vadatcuctritaiathi f’(a)=o0.



1.3.8.3. Pinh li Rolle

Cho f :[a,b] —> R lién tuc trén [a,b], kha vi trén (a,b) VA f(a) = f(b). Khi d6, ton
tai ¢ e (a,b) Sa0 cho f’(c) =o0.
1.3.84. Pinh li Lagrange

Cho f :[a,b] — R lién tuc trén [a,b], kha vi trén (a,b).Khi d6, ton tai c < (a,b) Sao
cho f(b)— f(a)=(b—a)f'(c).
1.3.8.5. Pinh li Cauchy

Cho hai ham s f,g:[a,b] —> R lién tuc trén [a,b], kha vi trén (a,b). Ngoai ra
f(b)-f(a) f'(c)

9'(x) #0,¥x e (a,b). Khi d6, ton tai ¢ < (a,b) a0 cho =—=,
c<@b) a)-g@ 9

1.3.9. Cong thirc Taylor, cong thirc Mac-Laurin
Cho ham sé f kha vi dén cap (n-1) tai lan can diém X,.
e Goi da thac P,(x) véi deg(P,(x)) <n théa man P, (x,) = f ¥ (x,), vk =0,n la
da thirc Taylor ctia f (x) tai lan can diém X, .

e Néu P,(X) 14 da thirc Taylor cia f(x) tai lan can X, thi n6 1a duy nhat va cé

J (n)
dang P9 = 1 04) + 22 (xx) .+ B ey
e Vi moi X thudc lan can cua X ta co:
() (00 oy £ oy
9= 10+ 0 G e 00 s £ B i

trong do ¢ nam gitra x va X,

Cong thirc trén duoc goi 1a cong thirc khai trién Taylor cAp n ciia ham f (x) 0lan can X;.

(n) 1 2
Bicu thiic R (x) = 17 (X —X,)"™" duoc goi 1a phan du thit n ctia khai trién Taylor.

(n+!
e Khi X,= 0 cong thirc Taylor tré thanh
(n) (n+1)
f(X) — f(0)+ f (0) y f (0) Xn + f (C) Xn+1

n! (n+1)!

Cong thirc trén duoc goi 1 cong thirc khai trién Mc Laurin cip n cia ham f (x) -

10



Chwong 2. MOT SO PHUONG PHAP DAC BIET

Loai 1. Phwong phap quy nap

Vidu 1 Cho ham sb6 f xac dinh voi moi xeR  va thoa man:
f(xy)=f(x)f(y)-f(x+y)+L vxy . f(1)=2

Hay xéc dinh f(m),f(mj, V6i meZ,neZ\{0} .
n

Giai:

Taco: f(L0)=f(1).f(0)—f (1+0)+1= f (0)=2f (0)-2+1, (do f(1)=2
= f(0)=2-1=1

Tim f(2)=2 . Taco:

F(L1)=f(1).f(1)-f(@1+1)+1= f(2)=f (1).F(1)— f (1)+1=22-2+1=3

Tim (3)=? . Ta cé:

f(2.0)=f(2).f ()= f (2+1)+1=> £ (3)=f (2).f (1) f (2)+1=32-3+1=4
Gid st f(m)=m+1, meN . Taching minh f(m+1)=m+2 .

That vay:
Vay f(m)=m+1, VmeN

Tinh f(-1)=2 . ta c6:

fl(-1).1]=f (1) f (1) f[1+(-1) |+1= f(-1)=2f (-1)-1+1= f (-1)=0=—1+1
Tinh f(-2)=? Taco:

fl(-0)(-1)]=f(-2).f (-1)— f[-1+(-1) |+1= f(-2)=f (-1).f (-1)—- f (1)+1=—2+1

11



Gia st f(-m)=-m+1 meN . Can ching minh f(-m-1)=-m-1+1l=-m
That vay:

f[(-m).(-1) = f (-m) f (-1)— f (-m-1)+1= f (-m—1)= f (-m).f (=1)— f (M)+1=—m—1+1=—m
vay taco: f(m)=m+1LVmeZ (1)

Vi xeR ¢6: f(x1)=f(x)F (1) f (x+1)+1=> f (x+1)=2f (x)— f (x)+1=f (x)+1
fl(x+1).1]=f (x+1).f (1)— f (x+1+1)+1= f (x+2)=2f (x+1)— f (x+1)+1

= £ (x+2)= f (x+1)+1= f (X)+1+1= f (x)+2

Giasu f(x+n)=f(x)+n, VneN, vxeR .can chung minh f(x+n+1)=f(x)+n+1

f n)l|=f n)f(1)-f n+1)+1
ratvaye 0= GO @)= 1 (e

= f(x+n+1)=2f (x+n)—f(x+n)+1=f (x+n)+1=f (x)+n+1
Tinh f(x-1)=? Taco:

f[(x=1).1]=f(x=1).f (1) f (x=1+1)+1= f (x-1)=2f (x-1)— f (x)+1
= f(x-1)=f(x)-1

Tinh f(x-2)=?

fl(x=2).1]=f(x-2)f(1)- f(x=2+1)+1= f(x-2)=2f (x-2)— f (x-1)+1
= f(x-2)=f(x-1)-1=f (x)-1-1= f (x)-2

Bang quy nap, ta chimg minh duoc:

f(x+n)=f(x)+n, VvneZ\{0},vxeR (2)
Taco: VmeZ,neZ\{0} ¢ f(m)= f(n.mjz f(n).f (Tj— f (n+mj+1

Taco: f(n)=n+1, f(m)=m+1(do (1))

f[%+n}:f(%)+n (do (2))

12



Vi du 2 Cho ham sb f khong dong nhat khong, xac dinh trén
vx,yeR, 2f(x).f(y)=f(x+y)+f(x-y)
a. Chuang minh f(x)>-1, vx

b. Cho f(3)=0.Tinh f(2010); f(2016); f (2019)
Gidi:
a. Chon y=0=2f(x).f(0)=2f (x)=2f (x)[ f(0)-1]=0

Do f(x)=0= f(0)=

Thay x bsi g v y b g c6: 2f(§jf(§j: f(x)+f(o):>2{f(gﬂ2 = f(x)+1
= f(x)+120= f (x)=-1
b. Taco f(x+y)=2f(x)f(y)-f(x-y)
Nén: f(6)=f (3+3)=2f(3).f(3)- f(3-3)=—1
£(9)=f (6+3)=2F(6).f(3)— f (6-3)=0
f(12)=f (9+3)=2f (9) f (3)— f (9-3)=—T (6)=1
Quy nap ching minh : f[3.(2k+1)|=0; f[3.(4k)|=1 f[3.(4k+2)]=-1
Taco: 2016 =3.672; 672=4.168= f (2016)=1
2019=3.673= f (2019)=0

2010=3.670; 670=4.167+2= f (2010)=-1

13
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Loai 2.PHUONG PHAP CHON GIA TRIPAC BIET
Vidu 3 Choham s f:R—R thoa man:

f(xy):f()()z%;(y), X,yeR, x+y=0 .cotontai xeR dé f(x)=0 khong?

GIAL:
Chon y=1= f(x):%, x#-1=xf (x)=f (1)

Cho x=0=50.f (0)=f (1) = f (1) =0

Vay vx=-10= f(x)=0 .

Tai x=2,y=0= £ (20)= O o602 £ (2)41(0)= 1(0)= f (2)=0

2+0

Tai

K=—1y-0= f[(—l).o]=wz>—f(o)= f(<1)+ £ (0)= f (<L) =2 (0)=0
1+

Vay f(X)EO

Vi du 4 Tim tat ca cac ham s6 f : R—— R thoa méan:

XF(y)+yf (x)=(x+y) F(x)F(y), x yeR
GIAI:
Cho x=y=1=2f(1)=2[ f (1)] = f (1)[1-f(1)]=0
Truwong hep 1: f(1)=0 . Cho y=1=xf (1)+  (x)=(x+1) f (x) f (1) = f (x)=0
Trwong hep 2: f(1)=1
cho y =1z xf (1)+ F (x)=(x+1) f (%) F (1) = x+ f (x) = (x+1) f (x)

= x=xf (x)=x[1-f(x)]=0

14



Véi x=0= f(x)=1

) 0 khi x 0
Vay f(x):{a khi x =1

Loai 3. PHUGONG PHAP HAM LIEN TUC
Vidy 5 Tim ham 6 lién tuc f (x) thoa mén: f(x*).f (x)=1, vxeR
GIAL:
T £(x*).f(x)=1 vxeR suyra f(x)#0, vxeR
Cho x=0=> f (0).f (0)=1= f (0)=+1
Cho x=1= f (1).f (1)=1= f (1)==1
Thayx boi —x taco f(x*)f(-x)=1
Vaytaco f (xz) f(—x)="f (xz) f(x)= f(—x)=f(x), vxeR
Vay ta chi can xét vai x>0

Truéc hét ta xét véi 0< x<1

Tir 1().F () =1 Wxe R = 1 ()= ()1 () 1= (') =

(XZ) f(x2
A 1 N , 4
Vay f(x)= f(x2)= f(x*) .thay x boi x* , taco £ (x)= f(x“ )
Cirtiép tuc taco: f(x)=f(x")=1 (x44): ...... . (x““ ..... j

Vay f(x)=limf(x")=f (0)=+

n—o0

Tuong tu voi x>1

15




Vidu6 Cho e eR,a=+1. Tim tat ca ham so f(x) x4c dinh trén R* thoa mén

diéu kién f (x“)= f(x), vxeR"

GIAL:
Néu Jaf <1 £ ()= £ (x7) = £ (")) = £ (") =ocm £ (")

= f(x)=lim f (x| = f (1), ¥xR"

n—o0

Viy f(x)=ceR

Vidu7 Tim cac ham s f(x) xac dinh  va lién tuc trén R sao cho
f(x):f(x2+%j,VXeR
GIAL

Taco: f(-x)= f[x%%): f (x) nén ta chi can xét véi x>0 . LAy x, eR

Truong hop 1: 0<x, s% XEt day: (1) : X, Xgseveens Xpyyeene VO X

16



2
Quy nap, ta Chl:l'ng minh 0< Xy S%, vn, Xnpa — Xp = (Xn _%j >0
Vay diy (1) don diéu tang va bi chin nén day hoi tu.

lim xn=A:>A2—A+1=0: A=1
N—o0 2

Do f(x) liéntyc va lim f (x,)= f(ij

N—o0 2
Taco f(x,4)= f[xn2+%); mat khac f(x,)= f(xn2+ﬂ,Vn

Vay f(x)=f(x)=w=f(x)=".= f@ VX‘){O’%}

e . 1
Truong hop 2: X, >%  XEtdAY (2): X9, Xy, Xoyeees Xy eene VO X1 =4 [X, 2

2
Taco: x,,,°—x,° = —(Xn —%j <0= X, <X, . Vay day (2) don diéu giam va bi chan dudi

bsi % . Do d6 day (2) hoi tu.

Goi limx, —=B=B = B—%:>|3=%

N—o0

Do f(x) liéntyc nén lim f(x,)= f(lj

n—o0

Taco f (Xn+1): f (Xnﬂ2 +%j: f (Xn);(do Xp = Xn+l2 +%)
A 1 1
VAy (%)= f (%)== T ()= (E] v > 2

Vay f(x)=C, vx=0

Kétluan f(x)=C, VxeR
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BAI TAP TU LUYEN

t

1. Cho f(x) x4c dinhtrén R , thod man diéu kién: Vu,veR: f (u+v)=f (u)+ f (v)
a. Chiing minh vxeR,vreQ taco: f(rx)=r.f(x)

b.

2. Cho f(x) xac dinh trén R* , thod man diéu kién: Vu,veR": f(uv)="f(u)+f(v)

Néu f (x) lién tuc tai x=0 , hay xac dinh f(Xx)

Ching minh wxeR*, vreQ taco: f(x")=r.f(x)

Néu !(ITl f (x)=0, hay xac dinh f(x)

Chang minh moi ham f :R—>R thoa min mot trong hai ding thirc sau thi ciing
thoa man dang thic con lai:

f(x+y)=f(x)+f(y), x,yeR

f(xy+x+y)="f(xy)+f(x)+f(y), xyeR

Cho a 1a mot sb thuc O<a<l va ham f lién tuc trén [0,1] cd

£(0)=0, f(1)=1, f(izyjz(l—a)f(x)ﬂy), v,y e[04], X<y

Hay xac dinh f (%j

18



KET LUAN

Biéo cdo da trinh bay mot sé kién thirc co ban vé giai tich lién quan dén giéi han ham sb,
ham sé lién tuc, dao ham cta ham mot bién va mot sé phuong phap dac biét dé giai
phuong trinh ham.

Nhitng két qua trong bao cdo c6 thé xem nhu nhirng bai tap cho sinh vién nhim nang cao
tu duy toan hoc va on thi Olympic Toan toan qudc.
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